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1. RIEMANN SURFACES. INTRODUCTION
1.1. Basic definitions.

Definition 1.1. A Riemann surface is a complex manifold of complex dimension 1.
More precisely: A Riemann surface X is

e Hausdorff space X
e any point P € X has an open neighbourhood 2 and a homeomorphism ¢ : Q — ¢(Q) C

C
e These homeomorphisms satisfy the consistency condition:

P10 902_1 is holomorphic on ¢2(21 N Q).
The maps ¢ o ¢2_1 D a(Q2 N Q) — ¢1(21 N Qy) are called the transition maps.

This definition is illustrated in Figure 1.

FIGURE 1. Two holomorphic charts (91, ¢1) ans (92, ¢2) on a Riemann surface
X satisfy the consistency condition.

Definition 1.2. Such a pair (2, ¢) is called a holomorphic chart on X and the map ¢ is called
a local coordinate at P.

Definition 1.3. A collection of holomorhic charts (24, ¢o) of X with X = U, is an atlas of
charts of X.
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Definition 1.4. A complex valued function v defined on an open set U C X is holomorphic if
for any P € U and any local coordinate ¢ at P, ) o ¢! is holomorphic near z = ¢(P).

Definition 1.5. A continuous map f : Y — X between two Riemann surfaces is holomorphic
if, for any holomorphic chart ¢ : Q — C in X the map po f: f~1(€2) — C is holomorphic.
Such a map is called an isomorphism of surfaces (or biholomorphic map), when it is a homeo-
morphism and its inverse is holomorphic.

Definition 1.6. We say that two Riemann surfaces X and Y are equivalent if there is a biholo-
morphic map f: X — Y.

1.2. Examples.

e Any open domain in C defines a Riemann surface.
e Riemann sphere or projective line CP'. As a set we have

CP!' = CU .
The holomorhpic structure on P!C is defined by the charts
0 =CP'\ {c0} =C, ¢1(2) =2
Qy = CP'\ {0} = C* U {0}, ¢2(2) =27t for z € C* and wo(00) = 0.

Here C* = C\ {0}.

e Consider Z as a subgroup of C under addition and form the quotient set C/Z. This has
a standard quotient topology in which it is homeomorphic to a cylinder S' x R. We can
make C/Z into a Riemann surface in a following way. For each point z € C, we consider
the disc D, centered on z and with radius 1/4. Clearly, the projection map 7 : C — C/Z
maps D, bijectively to the quotient space. Now we construct a chart about 7(z) € C/Z,
taking Q, = m(D,) and taking ¢, : Q, — C as the local inverse of 7. Then we cover
C/Z by some collection of charts of this form. The transition maps

¢z © ¢z_21 D02y (2 N Qzy) = B2y (R N Q)
are of the form
z2—=z+n

for some n € Z, and these are clearly holomorphic.

Definition 1.7. A meromorphic function on a Riemann surface X is a holomorphic map from
X to CP!.

Exercise 1. Prove that a meromorphic function on CP! is rational.

Exercise 2. The Riemann surface C/Z is biholomorphic to C\{0}.



2. MAPS BETWEEN RIEMANN SURFACES. BASIC PROPERTIES

2.1. Basic local properties of holomorphic maps. First, we recall the following key fact
about holomorphic functions. Let U C C be an open subset and let f : U — C be a holomorphic
function. Then for every zg € U the function f has Taylor series expansion:

f(z):ao+a1(z—zo)+a2(z—zo)2+...+ak(z—z0)k+...

and this series expansion converges is some open neighbourhood of z. More precisely, there
exists a positive number r such that the series converges at point z if |z — z9| < r. We use the
existence of series expansion to prove the following two basic lemmas from complex analysis.

Lemma 2.1. Let f be a holomorphic function on an open neighbourhood U of 0 in C with
f(0) = 0 and f'(0) # 0. Then there is another open neighbourhood U’ C U of 0 such that f
is a homeomorphism from U’ to its image f(U') C C and the inverse map is also holomorphic.
Moreover, we can choose the open neighbourhood U’ so that f(U’) is an open subset of C.

Proof. Function f has Taylor expansion near the point 0
f(2) =a1(z —20) +as(z — 20)% + ... +ap(z — )" + ..., ap # 0.

This series has some convergence radius » > 0. Suppose 21,22 € U and |z1], |22| < 1o for some
ro € (0,7). We have

f(z1) = fz2) —a1(z1 — 22) = ag(z1 — 22) (21 + 22) + as(z1 — 22)(2f + 2122+ 25) + ...
Therefore
(1) 1f(21) = f(z2) — a1(z1 — 22)| < |21 — 2| (|az|2r0 + |as|3r2 + ... + \ak\Srg_l +...).
We choose rg € (0,7) such that

a
lag|2r0 + |az|3r3 + ... + ]ak]3r§_1 +...< |21|
Therefore, we deduce from equation (1)
ay
£~ f)l > Do~ ), amev

Here we set U’ := {2z € U | |z| < ro}. Therefore the map f: U’ — f(U’) is invertible. We also
see that from the above inequality that f : U" — f(U’) is a homeomorphism.
Finally, we have to show that f~! is holomorphic. Let wy € f(U’) and 21 := f~!(wy). Then

lim f_l(w) _ f_l(wl) = lim S = !
ity v et f(z) = f(z1) - F(a)

This limit exists because f is holomorphic on U’. Thus we have shown that f~! is holomorphic
on f(U").

Finally, if the derivative f’(z) does not vanish for all points z € U’, then the inverse mapping
theorem in R? implies that f(U’) is an open subset of C. This finishes the proof of the lemma. [

Lemma 2.2. Let f be a holomorphic function on an open neighbourhood U of 0 in C with f(0) =
0 and f # 0. Then there is a unique integer k > 1 such that on some smaller neighbourhood U’
of 0, we can find a holomorphic function g with ¢'(0) # 0 and f(z) = g(2)* on U'.

Definition 2.3. A subset S of a topological space X is discrete if each point P € S has an
open neighbourhood U such that U NS = {P}.
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Theorem 2.4. (Uniqueness theorem) Let X, Y be connected Riemann surfaces. Let f : X =Y
and g : X — Y be holomorphic maps. Then either f = g or the set {p € X|f(p) = g(p)} is
closed and discrete in X.

Proof. The proof of this theorem follows from the uniqueness theorem for holomorphic maps on
C. It suffices to show that the following two sets of points on X

A ={P | f =g in a neighbourhood of P}
B ={P | f # g in a neighbourhood of P}

are open in X. Il

Proposition 2.5. Let f : X — Y be a holomorphic non-constant map between Riemann sur-
faces. Then for any p € X there is a unique integer m = my, y such that there exist local
parameters near p and f(p) such that both p and f(p) are mapped to 0 and f has the form
z 2™

Definition 2.6. The integer m given in the above proposition is the multiplicity of f at p,
denoted mult(f,p).

Definition 2.7. A point p € X is a ramification point for f if mult(f,p) > 2. A point ¢ € Y is
a branch point of f if it is the image of a ramification point for f.

Exercise 3. Show that the set of ramification points of f is discrete in X.
2.2. Open mapping theorem.

Theorem 2.8. (Open mapping theorem) Let f : X — Y be holomorphic. If f is non-constant,
then f maps open subsets in X to open subsets in Y.

We list below two corollaries of the open mapping theorem.

Corollary 2.9. Let X be compact connected, let Y be connected, and let f : X — Y be holo-
morphic and non-constant. Then f is surjective and Y is compact.

Corollary 2.10. Let X be a compact connected Riemann surface. Then
e cvery holomorphic map f: X — C is constant
e cvery meromorphic function f : X — P'C is surjective.

2.3. Local homeomorphisms and coverings.

Definition 2.11. Let M’ and M be manifolds. A map 7 : M’ — M is said to be a local
homeomorphism if each x € M’ has a neighbourhood U such that 7(U) is open in M and 7|U
is a homeomorphism (onto 7(U)).

Definition 2.12. A local homeomorphism 7 : M’ — M is called a covering if it is surjective
and each z € M has a connected neighbourhood V such that every connected component of
7~1(V) is mapped by 7 homeomorphically onto V.

Remark. In some sourses coverings are called unramified or perfect coverings.

Lemma 2.13. Let X and Y be compact connected Riemann surfaces and let f : X =Y be a
non-constant holomorphic map. Let B C'Y be the set of branch points of f. We denote by Y’
the set Y \ B and by X' the set X \ f~Y(B). Then f: X' — Y' is a covering.
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2.4. Degree of a holomorphic map.

Proposition 2.14. Let f : X — Y be a non-constant holomorphic map between compact con-
nected Riemann surfaces. For each q € Y define

dy(f) = mult(f,p).
pef~q)
Then dy(f) is constant (i. e. independent of q).

Definition 2.15. Let f : X — Y be a non-constant map between compact connected Riemann
surfaces. The degree of f, denoted deg(f), is the integer d,(f) for arbitrary ¢ € Y.



3. CONSTUCTING RIEMANN SURFACES

3.1. Quotients of Riemann surfaces. Let G be a group and let X be a Riemann surface.
Suppose that G acts on X by holomorphic transformations. More explicitly, we assume that
there is a map

GxX—>X, (gx)—~g-x
satisfying the conditions of the group action. Moreover, for a fixed g € G the map x +— ¢ -z is
holomorphic on X. Here are several examples:
Example 1
Group (Z,+) acts on C by translations:

Zz—z4+n, néeEZl.

Example 2
The cyclic group (Z/NZ,+) acts on C* by multiplication by roots of unity
z e%z, k€ Z/NZ.
Example 3
The group PSLy(R) = {(24) |a,b,c,d € R, ad — bc =1} /{+ (é
plane § := {z € C | ¥(z) > 0} by linear-fractional transformations
az+b
(2h)z= 2.

(1))} acts on the upper half-

In this lecture we will study the quotients X /G and answer the following question: Does X/G
have a natural structure of the Riemann surface?

First we address the general topological properties of X/G, in particular whether this quotient
is a Hausdorff space.

Definition 3.1. A group action of a topological group G on a topological space X is said to be
a proper group action if the mapping
GxX—>XxX
(9,2) = (97, )
is proper, i.e. pre-images of compact sets are compact.

Lemma 3.2. Let X be a Riemann surface. Suppose that a discrete group I' acts on X and the
action is proper. Then X /I is a Hausdorff space.

Theorem 3.3. Let X be a Riemann surface and let I' be a discrete group acting on X such
that:

e for any v € I' the map x — v - x from X to itself is holomorphic

e the action of I' on X is proper
Then the quotient space X/T' possesses a natural structure of Riemann surface, characterized by
the following property:
Let m: X — X/T denote the canonical map. For any open subset U of X/T, 7= (U) is an open
subset of X and a function f : U — C is holomorphic if and only if fon : m(U) — C is
holomorphic.

Remarks:

(1) The second condition implies that X/T" is a Hausdorff space.



(2) If T" acts freely on X then the theorem is obvious.

(3) The quotient X/I" may be smooth even when some elements in I"\ {0} have fixed points.
Consider the following example. Let X be the unit disc D = {z € C||z] < 1} and let
I' be the group puy of N-th roots of unity, acting by multiplication on C. Then the
I-invariant function on D z + 2% induces the isomorphism of Riemann surfaces

D / UN = D.
The next lemma shows that all fixed points can be treated in a similar way.
Lemma 3.4. Let X be a Riemann surface and let I' be a discrete group acting on X properly

by biholomorphic transformations.
a) For any P € X its stabilizer in T
I'p:={yelly-P=P}
18 a finite cyclic group.
b) There exists a chart (U,z) of X such that
PeU 2(P)=0, 2(U)=D
yel'p=~-U=U
yel'\I'p=1~-UNU =2.
Proof. a) The group I' acts properly of X, thus for any compact subset K of X, the set
{y €T :~vK)NK # @} is finite. Thus for P € X we consider the set K = {P} and ob-

tain {y € I' : v(P) N P # @} is finite. Since I'p is a subset of {y € ' : v(P) N P # @}, the
stabilizer I'p is finite, too.

Next, we have to check whether I'p is cyclic: We fix a local coordinate z at P. For any
g € I'p write

9(2) =D an(g)2";
n=1

this power series has no constant term since g(P) = P. Moreover, note that a;(g) # 0, since g
is an automorphism of X and hence has multiplicity one at every point, in particular at P.
Consider the function a; : I'p — C*. Note that it is a homomorphism of groups: aj(gh) is
calculated by computing the power series for g(h(z)), and this is

9(h(z)) =g (Z an(h)zn>
n=1
=3 amly) [Z an<h>z"]
m=1 n=1

= ai(g)a1(h)z + higher order terms .

so that a1(gh) = a1(g)a1(h).

We check whether the homomorphism is bijective: let g be a group element in the kernel of
aj. This means that g(z) = z+ higher order terms . In order to show that the kernel is trivial,
we must show that in fact g(z) = z, i.e. that all higher order terms of g are zero. Assume this is
not the case: let m > 2 be the exponent of the first nonzero higher order term of g. Therefore
g(2) = 2+ az™ mod 2™ with a # 0.

Let ¢!¥l be the k-times composition g o - - - o g. By induction one can easily check that gl¥! (2) =
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2z 4 kaz™ mod 2™, Since I'p is finite, ¢ must have finite order. Hence for some k, g* is

the identity, i.e. g[k](z) = z. Therefore for some k, ka must be zero, forcing a = 0. This
contradiction shows that in fact g is the identity.

We have shown that a; is a bijective homomorphism. Since the only finite subgroups of C* are
cyclic, I'p is a cyclic group.

b) Now as we know that I'p is a finite cyclic group, we suppose that 3 is a generator of I'p
and N € Zs1 is the order of 4. Let (U,Z) be a local chart around P such that Z(P) = 0. By
abuse of notation we consider 8 as a map from U to C (in other words, we also denote by [ the
function Zo S0z ~1). Since the action of I' on X is proper we can choose the neighbourhood U
so that v € I' \ I'p implies 7(7 NU = o.

The set U’ := ﬁé\f:_ol[i’[k]ﬁ is an open neighbourhood of zero and 3(U’) = U’. Part a) of the
lemma implies that 5'(0) = (y, where (x is a primitive N-th root of unity. Consider the map

1 N-1
(2) 9(2) =5 > B3, zeU
k=0

Then ¢’(0) = 1 and therefore there is an open neighbourhood of zero U” C U’ such that
g :U" — g(U") is a biholomorphism. Suppose that r is a real number small enough such that
the disk D, = {z | |z| < r} is contained in the open set g(U"”). We consider the following open
subset of U”, the set U := g~1(D,). The definition (5) implies that for Z € U’

9(B(2)) = (v 9(2).-
This identity immediately implies that S(U) = U and therefore the set U and the local coordinate
g o z satisfy the conditions of the part b) of the lemma. This finishes the proof. |

Exercise 4. Let
SLe(Z) = {<Z Z) ca,b,e,d € Z,ad — bec = 1}
and
10
PSLy(Z) := SLa(Z)/{+£ (0 1>}

The group PSLy(Z) acts on
H={z€C:3(z) >0}

via

az+b
— .

cz+d

1) Show that the set
-1 1
}"::{265:7§Re(z)§§, |z| > 1}

is the closure of a fundamental domain of the action of PSLa(Z) on $.
2) Show that the action of PSLa(Z) on $) is proper.

One of the classical results in the theory of Riemann surfaces is the Uniformization theorem,
which states that any connected Riemann surface may be obtained as a quotient from CP!, C
or $. If time permits, we will discuss this theorem later at the course.
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3.2. Algebraic curves as Riemann surfaces. Let P € C[X,Y] be an irreducible (non-
constant) polynomial. Define the corresponding affine curve

Cp :={(z,y) € C*: P(z,y) = 0 and (2)127 gi)(%y) # 0}

Our goal is to show that the affine curve Cp has the structure of a Riemann surface.

Theorem 3.5. Suppose that (xg,yo) is a point in Cp and %—I;(mo,yo) # 0. Then there is a disc
Dy centered at xqg, a disc Dy centered at yg and a holomorphic function ¢ : D1 — Do with
d(zo) = yo such that

CpN Dy x Dy={(z,6(2)) | z € D1 }.

Proof. The proof of this result can be found in [2][Theorem 1] O

Now we can define a holomorphic atlas on Cp. Let (zg,39) be a point on Cp. Then by
definition of C'p at least one of the partial derivatives g—)lz or 2—5 does not vanish at this point.
Suppose that %—];(wo,yg) # 0. Then we can apply Theorem 3.5. Consider the following open
neighbourhood of (zg, yo) in Cp, the set U := CpN (D1 x D). In this case the projection to the
first coordinate 7 : U — D; defined by (x,y) + x is a homeomorphism. We define (U, 71) to be

a local coordinate around (zg,y0). At the points where the partial derivative g—fg vanishes, we

know that g—{; = ( therefore by Theorem 3.5 and we can find a neighbourhood U=C pﬁ(f)l X 132)
such that the projection to the second coordinate is a homeomorphism. In this case we define
(U, 72) to be the holomorphic local chart. Around each point we can construct a holomorphic
chart of the first kind or of the second kind (or both) and by Theorem 3.5 the transition maps
are holomorphic. Also it is easy to see that this complex manifold is second countable.

Let us recall a definition from differential geometry:

Definition 3.6. Given a manifold /N of dimension n we say a subset M C N is an m-dimensional
complex submanifold if around each point p € M there is a coordinate chart (U, ¢) for N in
which M looks like C™ x 0 C C™. That is, in such a preferred chart we have

S(MNU) = $(U) N (C™ x 0).

The affine curve Cp is a one-dimensional complex submanifold of C2.
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Example 1 Consider a polynomial P(X,Y) = X2 — Y3. We have a biholomorphic map

C"—=C P

t (83,12)

Example 2 Hyperelliptic curve:
Let Q € C[X] be a polynomial with simple roots. Then the polynomial P(X,Y) = Y2 — Q(X)
is irreducible. Suppose that deg(Q)) = 2¢. In the future lectures we will show that the curve
Cp has the topology of a compact surface of genus g (sphere with g handles) with two points
deleted.
Example 3 Affine Fermat curve:

Let P(X,Y) = X" + Y™ — 1. In the future lectures we will show that the curve Cp has the
topology of a compact surface of genus %(n —1)(n — 2) with n points deleted.

3.3. Projective curves. First let us define the projective space PC™. Consider the following
equivalence relation on C"*1\ {0}:

v ~w if there exists A € C* s.t. v = \w.

Now we define the projective space as
PC" := (C"1\ {0})/ ~ .
We consider P"C as a set, as a topological space, and finally as a complex manifold.
Now we define a holomorphic atlas on PC™. Consider the following open sets U; C PC™:
Ui :=PC"\{[vg: - :v,] €P" |v; #0 }.
The set U; is biholomorphic to C” via the map :

Vo {}z\ Un
¢ U = C" Jug:- vy — (,...,,...,).
Uj Uj (&

Here the hat means the corresponding term is omitted.
What are the transition maps between U; and U;?

We have U;NU; = {[v1 - Ung1] | v #0,v; # 0}
Define V; := {(v1,...,vn41) | vi # 0}.

UiﬂUj

%»/@%‘\Zj

VicC" —— VvV, cC”
z;l 2 I 1 xT
(1, ymp) —— [wg ool iy = <,...,,...,n>
Ty Ly Lj
The % is in the i-th position.
The transition map ;; is holomorphic.

Lemma 3.7. Let P € Clz,y, z] be a homogeneous polynomial of degree d > 0.
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Then

- . oP 9P OP
Cp = {[$:y:2] e PC |P($,y,2) =0, <833’6y’8z) |($,y,z) #0}

is a smooth curve (submanifold of dimension 1) in PC?.

Proof. Tt suffices to show that CpNU; is a smooth curve for i = 1,2, 3. Without loss of generality
assume that [z :y: z] € Us (i.e., z # 0).
By the results of section 3.2, it suffices to show that %}(w,y,z) # 0 or %—1;

We use the Eulers identity:

J#0.

(w,y,2

oP oP oP
T l@y,2) Y@z “ lzy.2)
Since (z,y, z) € Cp we have:
oP oP oP
r— +y o +z =0
02 oy~ Wlays 9% leys
oP __ 0P _
Suppose that W‘(x,y,Z) = Wy 0.
Then since z # 0 we also have
oP
“ @2

This contradicts the assumptions of the lemma. Therefore, at least one of the partial deriva-
tives

oP 0P
o & En
does not vanish at the point (z,y, z).
This finishes the proof. ]

Example 1  Consider the polynomial P(X,Y) = X2 — Y2 + 1.
P(X,Y,Z)=X?>-Y?+ 7>

Example 2
Let z1, 29, 23, z4 € C be distinct. We define

PX,)Y)=Y? — (X — 21)(X — 22)(X — 23)(X — 24).

CpcCC?
Claim:
OP 6P> 2 .
oz o #0 forall (z,y) € C* with P(z,y) = 0.
(5e5v)|,

The claim implies that the curve Cp is smooth.
The homogenized version of P is:

XY

A

P(X,Y,Z):=Z*. P< > =Y?Z22 - (X —212) X =2 2) (X —232)(X — 24 Z).

613 C P2
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CpnN Us is Cp.

|
/

ol
\

Plot of Cp for z1 = 1,20 = 2,23 = 3,24 = 4.

CpNU is an affine curve given by the equation:

P(Y,Z):=Y?Z* — (1 = 212)(1 — 222)(1 — 232)(1 — 24Z) = 0.

\/IO ”Y
5 1
| - %
-1 05 0.5 1\52
—5 1
0 |

Plot of Cp NU; for 21 = 1,20 =2,23 =3,24 = 4.

CpNUs, is an affine curve given by the equation:

PyX,Z):=27% (X — 21 2) (X — 22) (X — 23Z) (X — 24Z) = 0.

The poit X =0, Z = 0: is a singular point on Cp,.

0P

X | x=0,7=0 B

0P

0, —
07 X=0,Z=0

=0.
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Plot of CpNUs for z1 = 1,290 = 2,23 = 3, 24 = 4.
In this course we will prove that any compact Riemann surface is isomorphic to a projective
algebraic curve.
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4. TOPOLOGY OF RIEMANN SURFACES

4.1. Orientability and orientable manifolds. In this section we define the orientability of
differentiable manifolds.

Definition 4.1. Let U be an open subset in R™. A differentiable function f : U — R? is
orientation preserving if the Jacobian determinant of f is positive at every point of U.

Definition 4.2. Let M be an n-dimensional real differentiable manifold, that is all transition
maps between charts of M are differentiable. An oriented atlas on M is an atlas for which all
transition functions are orientation preserving. M is orientable if it admits an oriented atlas.

Exercise 5. Show that a biholomorphic map defined on an open subset of C is orientation
preserving. Here we assume that C is identified with R? via the map 2 — (R(2), 3(2)).

Exercise 6. Show that every Riemann surface is orientable.

Remark. The notion of orientability can be also defined for topological manifolds, however this
definition goes beyond the scope of our course.

4.2. Triangulation of compact Riemann surfaces.

Definition 4.3. Let X be a compact Riemann surface. A triangulation of X consists of finitely
many triangles 7; such that X = UleTi. By a triangle we mean a closed subset of X homeo-
morphic to a plane triangle, which is a compact subset of C bounded by three distinct straight
lines. Furthermore, we require any two triangles T;, T be either pairwise disjoint, intersect at
a single vertex, or intersect along a common edge.

Theorem 4.4. Any compact Riemann surface can be triangulated.

The proof of this theorem is non-trivial. It can be found in section 2.3 A of “Compact Riemann
Surfaces, An Introduction to Contemporary Mathematics” by J. Jost.

4.3. Planar model of a surface.

Definition 4.5. A planar diagram is a polygon with 2n edges where pairs of edges are identified
with either the same or opposite orientation. Given the quotient topology, the labelled edges
are identified (i.e. glued together).

Definition 4.6. Let II be a planar diagram. Let aq,...as, be the edges of II written in the
counter-clockwise order. Suppose that for j > 7 a; and a; are glued. Then we set a; = a; if they
have the same orientation with respect to Il and a; = ai_l if they have the opposite orientation.
Now we define the symbol of the planar diagram II to be the product a; - - - as,. Starting from
a triangulation of a given surface, one can prove the following

Theorem 4.7. Every compact, connected surface can be represented as a planar diagram.
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FIGURE 2. Planar diagram of a torus. The symbol of this diagram is aba='b~1.

Examples

(1) Sphere is represented by a planar diagram aa™*

(2) Real projective plane is defined as
P’R =P? := (R*\ {0})/ ~

where the equivalence relation ~ is given by (z,y, z) ~ (Az, Ay, A\2) for any (z,vy,2) € R3
and A € R. This is an example of a non-orientable surface. Real projective plane is
represented by a planar diagram a a.

4.4. Topological classification of compact surfaces.

Definition 4.8. A connected sum is the new surface formed by combining two or more compact,
connected surfaces in the following manner. Remove small discs from Sy, Ss, the two original
surfaces, and glue the boundary circles together. (When dealing with triangulated surfaces, we
can take the discs to be triangles.) We write S1#S2 for the connected sum of two surfaces.

FIGURE 3. Connected sum of two surfaces.
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Theorem 4.9. (The classification theorem of closed surfaces) Any connected compact surface
is homeomorphic either to a sphere, or to a connected sum of tori, or to a connected sum of real
projective planes.

In particular, for the orientable surfaces we have

Theorem 4.10. Any orientable connected compact surface is homeomorphic to a sphere or a
connected sum of g tori for some g > 0.

Let us briefly explain the idea of the proof:

Step 1 let S be a compact connected oriented surface. We show that S has a planar model such
that only edges with opposite directions are identified.

Step 2 We show that S is isomorphic to a surface given by a planar diagram alblal_lbl_1 e agbgag_lb;1
for some g > 0.

Step 3 We show the surface represented by the planar diagram alblaflbfl . --agb_t;,a;lbg_1 is
homeomorphic to the connected sum of g tori.

FIGURE 4. Manipulating a pair of opposing pairs to form cdc=td 1.

Exercise 7. Show that T?#P? is homeomorphic to P2#P2#P2.
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There is another proof of the classification of surfaces (Conway’s ZIP proof, or Zero Irrelevancy
Proof). It argues inductively from a triangulation of the given surface, and the induction step is
easier if one allows surfaces with boundary. If the triangulation consists of a single triangle, then
the surface is a sphere with one hole. A case-by-case analysis shows that combining triangles to
form a more complex surface will still yield a connected sum of tori and real projective planes,
together with boundary components. Using the Exercise T?#P? = P24P24P2, one can simplify
the surface further so that it involves only tori or only real projective planes. For more on this
proof, see “Symmetries of Things” (Chapter 8) by J. H. Conway, H. Burgiel, and C. Goodman-
Strauss or the article “Conway’s ZIP Proof” by G. Francis and J. Weeks.

4.5. Euler characteristic.

Definition 4.11. A quantity « is a topological invariant if «(X) = a(Y) whenever X and Y
are topologically equivalent.

Definition 4.12. A cell is a space whose interior is homeomorphic to the unit n-dimensional
ball of the Euclidean space R™. The boundary of a cell must be composed of a finite number of
lower-dimensional cells, the faces of the cell.

Examples
e (O-dimensional cell is a point
e 1-dimensional cell is an interval
e 2-dimensional cell is a polygon

Definition 4.13. A CW complex K is a Hausdorff space X together with a partition of X into
open cells (of perhaps varying dimension) that satisfies two additional properties:

(1) For each n-dimensional open cell C' in the partition of X, there exists a continuous map
f from the n-dimensional closed ball to X such that
e the restriction of f to the interior of the closed ball is a homeomorphism onto the
cell C, and
e the image of the boundary of the closed ball is contained in the union of a finite
number of elements of the partition, each having cell dimension less than n.
(2) A subset of X is closed if and only if it meets the closure of each cell in a closed set.

We write |K| to denote the topological space X resulting from gluing cells together.

A <
oE ST
- = e
& \\\ 1 cell {
B ’ > | g 1
closed Ball 7 >
\ ‘ 3 -
4
Complex \

FIGURE 5. An example of a cell complex
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Definition 4.14. The Fuler characteristic of a finite complex K is
dimK
NE) = 3 (~1)in;
j=0
where n; is the number of j-cells in K.

Theorem 4.15. Let K and L be 2-dimensional complexes. If |K| and |L| are compact connected
surfaces and | K| is homeomorphic to |L| then x(K) = x(L).

Definition 4.16. Let S be a compact connected surface and let K be a complex such that S is
homeomorphic to |K|. Then we define x(5) := x(K)

Exercise 8. Let S; and S5 be connected compact surfaces. Show that the Euler characteristic
satisfies x(S1#S2) = x(S1) 4+ x(S2) — 2.

Exercise 9. Compute x(S?), x(T?), and x(P?R).

Definition 4.17. The genus of a compact connected orientable surface X is defined as

1

9(X) =1 - Sx(X).



20

5. RIEMANN-HURWITZ FORMULA

The following lemma will be proven in the next lecture.

Lemma 5.1. Suppose that w: M — D is a covering of an open disk D. Then for each connected
component M; of M the restriction map 7 : M; — D is a homeomorphism.

Theorem 5.2. (Riemann-Hurwitz formula) Let f : X — Y be a non-constant holomorphic map
between compact connected Riemann surfaces. Then

X(X) = deg(f) x(¥) = ) _ [mult(f,p) — 1]

peX

Proof. Let B be the set of the bracnch points of map f. Then f : X \ (f~Y(B)) - Y \ B
is a covering of degree deg(f). Let T = {T;}, be a triangulation of Y. We choose the
triangulation 7 so that the set B is contained in the set of its vertices. Now will show that the
triangulation 7 of Y lifts to a triangulation 7 of X via the covering f. In other words there
exists a triangulation 7/ = {T/}?, of X such that the image f(7") of a triangle T’ € T” is a
triangle in the triangulation 7.

Let T be a triangle in the triangulation 7" and let 7° be the set on interior points of T
There exists an open neighbourhood T¢ of T? such that: 1) 7€ does not contain vertices of
T, 2) edges of T are contained in 7, 3) T° is homeomorphic to an open disk. Note that the
preimage (7€) does not contain ramification points of f. Therefore f : f~1(T€) — T€ is a
covering. Let f~1(T€) = ;A be the disjoint union of connected components. By Lemma 5.1
each restriction map f : A, — T° is a homeomorphism. Therefore, we see that the preimage
of T consists of deg(f) triangles, these triangles have disjoint enterior points, disjoint (interior
points of the) edges, and can might have common vertices. The union of all the preimages of
triangles of 7 forms a desired triangulation 7’ of X.

Suppose that the triangulation 7 consists of n triangles, m edges, and /¢ vertices. Then T’
consists of deg(f)n triangles, deg(f)m edges, and ¢’ vertices. Our next goal is to compute ¢'.
We claim that

(3) ¢ = deg(f) ¢~ ) (mult(f,p) —1).

peX
Indeed, let ¢ € Y. Then
> mult(p) = deg(f).
pef1(9)
Or equivalently
> (mult(p) = 1)+ 8(f 7 (q)) = deg(f)-
pEf1(0)

Here #(A) denotes the number of elements in a finite set A. Now we sum this identity over all
vertices ¢ of the triagulation 7. Let V be the set of all vertices in 7. Then

S DD (mult(p) — 1) +4(f 7 (q) | = deg(f) ¢

g€V \pef~1(q)

Note that the number of vertices in 7" is £/ =3~ ./ #(f~%(g)) and all ramification points of f
are contained in f~!(V). This proves the claim (3). Now as we have computed the numbers
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n/,m’, and ¢ we find

n' —m/ + 0 =deg(f)(n—m+€) =) (mult(p) — 1).
peX
By Euler’s formula we know that
n—-m+l=xY)=2-29(Y) and n —m'+/0 =x(X)=2-29(X).
This finishes the proof of the theorem.

Exercise 10. Let X,Y be two compact connected Riemann surfaces. Suppose that g(X) <
g(Y). Show that any holomorphic map from X to Y is constant.
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6. NORMALIZATION OF ALGEBRAIC CURVES

Let P(X,Y) € C[X,Y] be a non-constant irreducible polynomial. We also assume that P is
not contained in C[X]. Let Cp be the corresponding affine curve consisting of smoth solutions
of the equation P(X,Y) = 0 as defined in Section 3.2. Let 7 : Cp — C be the projection to the
first coordinate.

Theorem 6. 1. There exists a compact Riemann surface Cp such that Cp — C'p s an embedding
and the set C'p \ Cp is finite. Moreover, there exists a holomorphic map T : Cp — CP! such
that the map 7 is a restriction of ©. Here we consider CP! as the union C U {co}.

Lemma 6.2. Let U be a Riemann surface and f : U — D\ {0} be a holomorphic covering of a
punctured disk. Then U is biholomorphic to the disjoint union of punctured disks.
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7. HomoToPY
7.1. Homotopy of Maps. Fundamental group.

Definition 7.1. Two continuous maps f1, fo : S — M between manifolds S and M are homo-
topic, if there exists a continuous map

F:S5x[0,1] - M
with
Flgxqoy = f1 and Flgy(1y = fa
We write f1 =~ fo.
Definition 7.2. Let g1, g9 : [0,1] = M be curves with
91(0) = g2(0) = po,
91(1) = g2(1) = p1.
we say that g1 and go are homotopic, if there exists a continuous map
G:1[0,1] x[0,1] - M
such that
Glioyxj0,1] = Pos Gliiyxpo,11 = p1,
G

0,1x40} = 91, Glioax{1y = g2
We write again g; =~ go.

Definition 7.3. The homotopy class of a map f is the equivalence class consisting of all maps
homotopic to f. We denote it by {f}. Analogously, the homotopy class {g} of a curve g is the
equivalence class consisting of all path with the same end-points, homotopic to g.

Definition 7.4. Let g1, g2 : [0,1] — M be curves with
91(1) = 92(0)
(i.e. the terminal point of g; is the initial point of g2). Then the product g := gog; is defined by
() = g1(2t) for t € [0, 1]
C g2t —1)  forte [, 1.
Thus g1 ~ ¢'1,92 ~ ¢'5 implies g192 ~ ¢'1¢'5. Furthermore, we can define the multiplication of

conjugacy classes by
{1} {92} = {192}

Definition 7.5. For any pg € M, the fundamental group 71 (M, pp) is the group of homotopy
classes of paths g : [0,1] — M with g(0) = g(1) = po, i.e. closed paths with py as initial and
terminal point.

Theorem 7.6. w1 (M, pg) is a group with respect to the operation of multiplication of homotopy
classes. The identity element is the class of the constant path gy = po.

Lemma 7.7. For any po,p1 € M, the groups w1 (M, py) and 71 (M, p1) are isomorphic.

Definition 7.8. The abstract group 71 (M) defined in view of Lemma 7.7 is called the funda-
mental group of M.

Definition 7.9. We say that M is simply-connected if m (M) = {1}.
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Lemma 7.10. Let f : M — N be a continuous map, and qo := f(po). Then f induces a
homomorphism

firm(M,po) — m1(N, qo)
of fundamental groups.

Exercise 11. Determine the fundamental group of S*.
Outline of the solution: Let S' = {z € C: |z| = 1} = {¢¥; with # € R,0 < # < 27}. Then paths
Yn in 71 (S1, 1) are given by
ts 2Tt € [0,1]
for each n € Z.
Show that

1) v, and 7, are not homotopic for n # m.
2) each v € 71(S*, 1) is homotopic to some ;.

Exercise 12. Determine the fundamental group of the torus S* x S?.

Theorem 7.11. Let X be a connected compact orientable surface of genus g. Then the fun-
damental group of X is isomorphic to the group with generators ay,b1,...,a4,by and the only
relation

arbra; byt agbga;lbg_1 =1
Proof. The proof of this theorem is given in Section 1.2 of “Algebraic topology” by A. Hatcher.
O

Exercise 13. Compute the fundamental group of a disc with n punctures.

Exercise 14. Hang a picture on the wall using a round rope two nails in such a way that
removing either of the two nails will make both the string and picture fall down. Can you hang
a picture on three nails in such a way that removing either of the three nails will make the
picture fall down.

[ ; :
A P[C%U(\G L\C(L.[Cjﬂnﬂ on '{\UO Y\QLLG,
13 we  femove  one neu b the
pretere will ot $al down,

FIGURE 6. A pictire hanging on two nails.
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7.2. Coverings and homotopy groups. In this subsection we assume M, M’ and M” to be
connected manifolds.

Lemma 7.12. If 7 : M’ — M s a covering, then each point of M is covered the same number
of times, i.e. w7 1(x) has the same number of elements for each x € M.

Theorem 7.13. Let w: M' — M be a covering, S a simply-connected manifold, and f : S — M
a continuous map. Then there exists a continuous f': S — M’ with

wo fl =f.
Definition 7.14. An f’ as in Theorem 7.13 is called a lift of f.
Lemma 7.15. Let w: M’ — M be a covering, po € M, p'y € 7 1(po), and g : [0,1] — M a
curve with g(0) = po. Then g can be lifted (as in Definition 7.14) to a curve ¢’ : [0,1] — p'y, so
that

mtog =g.
Further, ¢’ is uniquely determined by the choice of its initial point p/,.
Corollary 7.16. Let 7 : M' — M be a covering, g : [0,1] = M a curve with g(0) = g(1) = po,

and ¢’ : [0,1] = M’ a lift of g. Suppose g is homotopic to the constant curve y(t) = po. Then ¢’
1s closed and homotopic to the constant curve.

Lemma 7.17. G, := {{g} : ¢ is closed} is a subgroup of w1 (M,po).

Definition 7.18. Let 7 : M’ — M and 7’ : M"” — M be two coverings of M. We say that
m and 7’ are equivalent if there exists a homeomorphism ¢ : M’ — M" such that 7 = 7’ o ¢.
Equivalently, the following diagram commutes:

M/ d) M/l

M

Theorem 7.19. (Galois theory for coverings) The group m (M') is isomorphic to G, and
we obtain in this way a bijective correspondence between conjugacy classes of subgroups of w1 (M)
and equivalence classes of coverings m: M’ — M.

Corollary 7.20. If M is simply-connected, then every covering M' — M is a homeomorphism.

Corollary 7.21. Every connected manifold M has a covering FiM— M by a simply connected
manifold M.

Definition 7.22. The covering M of M with 7T1<M) = 1 - which exists by Corollary 7.20 - is
called the universal covering of M.

Lemma 7.23. Let X be a complex manifold and let w: M — X be a covering. Then M has a
natural structure of a complex manifold.

Theorem 7.24. (Uniformization Theorem) Any simply-connected Riemann surface is iso-
morphic either to CP!, or to C, or to = {z € C: 3(z) > 0}.

Definition 7.25. Let w : M’ — M be a local homeomorphism. Then a homeomorphism
¢ M — M’ is called a covering transformation ( or a deck transformation) if m o ¢ = w. The
covering transformations form a group.
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Ezample. Let A C C be a lattice. Let m : C — C/A be the natural projection. Then for any
A € A the map z +— z + A is a covering transformation of 7.

Exercise 15. Construct a manifold M with a (nontrivial) covering map 7 : S% — M.
Hint: The group SO(4) acts on S® considered as the unit sphere in R*. Find a discrete subgroup
T of SO(4) for which no v € T'\ {identity} has a fixed point in S3.

Exercise 16. Consider the group

r(3);:{<‘c‘ Z):a,b,c,deZ, ad —be = 1, <f:‘ Z);(é ?) mod 3}.

This group acts on
H={z€C:3(z) >0}
via
az+b
— .
cz+d

1) Show that if v € T is different from 0), then ~+ has no fixed points in §.

1
(0}
1) Interpret I' as the group of covering transformations associated with a manifold $/T" and

a covering 7 : ) — $/I". Construct different coverings of )/ F associated with conjugacy

classes of subgroups of T'.

Definition 7.26. Let 7 : (X,z9) — (Y,y0) be a covering map between connected, path-
connected, locally path-connected topological spaces. Set

G :=m1(Y, ), H =7 (m(X,20)) <G,

and write Deck(n) for the group of deck (covering) transformations. Let F = 7~ !(yo) be the
fiber over yg. Given a loop 7 : [0,1] — Y based at yg, and a point = € F, there is a unique lift
Yz of 7 starting at z, i.e. 7,(0) =  and 7 05, = 7. The endpoint of the lift 7, lands again in
the fiber F'. Therefore loops in Y induce permutations in the fiber F'. Taking homotopy classes,
this defines the monodromy representation

p:G—=Sym(F), p(W])(z):=7(1) € F.
Theorem 7.27. The monodromy representation has the following properties.

(1) The image of monodromy representation p(G) acts transitively on the fiber F.

(2) H = Stabg(zo) = {g € G : p(g)(x0) = x0}.
(3) The coset space G/H is in bijection with F'.
(4) The kernel of the monodromy representation can be described as

ker(p) = ﬂ Stabg(z) = ﬂ gHg™ "
el geG

(5) If a deck transformation T € Deck(m) fizes some x € X, then T = idx. Show that every
7 € Deck(m) induces a bijection 7|p : F — F and conclude that

® : Deck(m) — Sym(F), O(7) = 7|F,
18 injective.
(6) ®(Deck()) is the centralizer of monodromy, that is,
® (Deck(m)) = Centgym(r (p(G))
={o € Sym(F) : op(g) = p(g)o for all g € G}.
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Exercise 17. Let I be a set and let A < Sym(F) act transitively on F. Let C' = Centgyy, () (A)
be the centralizer of A in Sym(F'). Show that

(1) C acts freely on F.

(2) C acts transitive on F' if and only if A acts freely on F'.

Theorem 7.28. Let 7 : (X, z9) — (Y, yo) be a covering map between connected, path-connected,
locally path-connected topological spaces. Set

G :=m((Y,y0), H :=m(m(X,20)) <G,

and write Deck(r) for the group of deck (covering) transformations. Let d = |7~ (yo)| = deg()
and let p: G — Sym(m~1(y)) = Sy be the monodromy representation on the fiber F = n=1(yp).
The following are equivalent (any may be taken as the definition of a Galois (regular/normal)
covering):

(1) Deck(m) acts transitively on the fiber F'.

(2) H is a normal subgroup of G.

(3) There exists a free, proper action of a discrete group I' on X with Y = X /T and w the

quotient map.
(4) The monodromy image p(G) C Sy acts freely and transitively on the fiber F.

When these equivalent conditions hold, we have group isomorphisms
Deck(m) 2T =2 G/H = p(G),
and |Deck()| = deg(n).

Definition 7.29. The covering that satisfies the equivalent conditions of Theorem 7.28 is called
the Galois (regular/normal) covering.

References:

1. A. Hatcher , Algebraic topology, Cambridge University Press, 2002.

2. J. Jost, Compact Riemann Surfaces, An Introduction to Contemporary Mathematics, Third
Edition, Springer-Verlag Berlin Heidelberg, 2006.
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8. COMPACT RIEMANN SURFACES AND COMPLEX ALGEBRAIC CURVES

Theorem 8.1. Let X be a connected compact Riemann surface. Let Py,..., P, be a collection
of pairwise distinct points on X. Then there exists a holomorphic function g : X — CP! such
that
00,1 = 1;
P‘ — b )
9(F) {75 00, i =2,...,n.

Theorem 8.2.
Theorem 8.3.
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9. HoOMOLOGY AND COHOMOLOGY
9.1. Singular homology.
Definition 9.1. The standard n-simplex is the set

n
A" = {(tg, ..., tn) € R* | Zti =1andt; >0}
i=0
Definition 9.2. A singular n-simplez is a continuous map o, from the standard n-simplex A™
to a topological space X.

Definition 9.3. Let v, ..., v, € R" be n+1 points in general position. We denote by [vg, . .., vy]
the simplex

[vo, .-y on] = {tovo + ... + vy | Ztizland t; > 0}.

2

Definition 9.4. A canonical homeomorphism from the standard simplex A™ to any other n-
simplex [vg, ..., v,] is defined as

(to,...,tn) Hztivz‘.
A

Remark. The vertices in the standard simplex and in the simplex [vg, ..., v,] are numbered.

Definition 9.5. A singular n-chain is a formal sum of singular simplices ), 0;. The group of
singular n-chains on X is denoted Cy,(X).

Definition 9.6. A boundary map is defined by

n

an[p07 cee 7pn] - Z(_l)k[p07 «o oy Pk—1,Pk+1s - - - 7pn]7 n 2 1
k=0
80[}?0] =0.

Example.
02[po, p1, 2] = [p1, 2] — [P0, p2] + [P0, P1)-

FIGURE 7. Boundary of a simplex [pg, p1, p2].
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Definition 9.7. The group of singular n-cycles is defined
Zn(X) := ker(0p).

The group of singular n-boundaries is defined

By (X) :=Im(0p41).
Proposition 9.8. We have

On 0 Opy1 =0,
or equivalently, B, C Z,.
Definition 9.9. The n-th singular homology group of X is
H,(X):=Z,(X)/B,(X).

Proposition 9.10. If X is non-empty and path connected then Hy(X) = Z.

Definition 9.11. For a map f : X — Y, an induced homomorphism fyu : Cp(X) — Cp(Y) is
defined by composing each singular n-simplex ¢ : A" — X with f to fu(o) = foo: A" =Y.

Proposition 9.12. The chain map fy between the groups of singular n-chains Cp(X) and
Cn(Y) induces homomorphism fy : H,(X) — Hy(Y') between homology groups.

Theorem 9.13. If two maps f,g : X — Y are homotopic, then they induce the same homo-
morphism f. = g« : Ho(X) — H,(Y).

Proof. The proof can be found in “Introduction to algebraic topology” by A. Hatcher. O

Theorem 9.14. Let X be a compact, connected, orientable surface of genus g. Then

Exercise 18. Construct an example of a compact surface X and a closed path v on it such that
~ is homologous to zero but not homotopic to a point.

9.2. Intersection pairing. Let X be a smooth oriented surface.

Definition 9.15. Let «; and ~2 be two smooth curves on X intersecting transversally at the
point P. The intersection number of 1 and -5 at the point P is

(71 0 92) p := sign of the determinant of a basis 7] (P),v5(P) on the tangent space Tp(X).
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FIGURE 8. Intersection number.

Definition 9.16. Let 1,79 be two smooth cycles intersecting transversally at the finite set of
points. The intersection number of v; and 7o is defined by

ney= Y, (noy)pr
Pe(y1Nv2)

Proposition 9.17. The intersection number of any boundary B with any cycle v vanishes.

FIGURE 9. Intersection number of a boundary § with a cycle ~.

Theorem 9.18. The intersection number is a bilinear skew-symmetric form o : Hi(X) X
H(X)—Z.

Exercise 19. Let X be Riemann surface of genus g and let II; be a planar model of X
with the symbol alblal_lbl_l e agbgaglbgl. Show that the intersection numbers of the cycles
ai,bi,...aq,by are as follows:

(4) aiobj:&-,j aioaj:biobjzo.

Definition 9.19. A homology basis ay, .. .ag, b1, ... b, of a compact connected Riemann surface
is called a canonical basis of cycles if (4) holds.
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Consider a 2g X 2g integral matrix

0 Id
Jg = <—I?ig 0:) )
Consider the group of matrices
SPag(Z) := {M € Mayx24(Z) | MJIM" = J}.
This group is called the symplectic group of genus g.

Exercise 20. Let X be a Riemann surface and let a1,...,a4,b1,...,by be a canonical basis of
Hi(X). Show that af,...,ay,b},...by is another canonical basis if and only if

_a’l_ [a1]

alg — M | %

by b1

b [ bg

for some M € Spy,(Z).
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10. CALCULUS ON RIEMANN SURFACES

10.1. Differential forms. Let M be a differentiable manifold of dimension d. We denote by
TM the tangent bundle of M.

Definition 10.1. For a vector space V we denote by A¥V the space of k-linear alternating maps
VE - R.

Definition 10.2. A (differential) k-form on a manifold M is a (smooth) section of the bundle
AFTM. The space of differential k-forms on M is denoted by QF(M).

1 .., z% a differential k-form w is an object of the form

w= Z wilmikdx"l A Adz®.

i1 <<y

In local coordinates x

Here wy,...;, are real-valued differentiable functions.
Definition 10.3. The exterior derivative of w is the form of degree k + 1
d Ow:.
o i1k g4 i N i
dw := Z Z deo/\dxl/\- A dx'®.
io=11i1<...<ig
Exercise 21. Show that d2 = 0.

Definition 10.4. A differential form w is said to be closed if dw = 0. A differential form w is
said to be ezxact if w = do for some differential form o.
Definition 10.5. The k-th de Rham cohomology group of M is defined as

closed forms of degree k
HY (M,R) :=

exact forms of degree k
Exercise 22. Compute HéR of ST.

10.2. Integration of differential forms. De Rham cohomology. Let M be a differentiable
manifold of dimension d. Let U C M be an open chart with local coordinates z',... 2% Let w
be a differential form of degree k and let S C U be a submanifold of dimension k. Suppose that
S is parametrized by an open set V C RF

S(v) = (z'(v),...,2%wv)), veV cRk
We define

/ Wi / 3 wil,,,ik(S(v))a@gEzf:::::f:)(“)) ot ok,

S v <-<ig
This definition is extended by linearity to k-chains.

Theorem 10.6. (Stokes) Let D be a k-chain and w be a k — 1 form. Then
/dw = /w.
D oD

Corollary 10.7. There exists a pairing Hiz (M) x Hi(M) — R

(w,D)r—>/w
D
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Theorem 10.8. (de Rham)
HY: = Hom(Hy(M) ® R, R).

This is a deep theorem in differential geometry and its proof goes beyond the scope of our
course. An interested reader can find a proof of this result in ”Principles of Algebraic Geometry”
by J. Harris and P. Griffiths.

Proposition 10.9. Let S be a compact, connected, oriented, smooth surface. Then the map
o — / e
S

Proposition 10.10. Let S be a compact, connected, oriented, smooth surface. Let ~ be a closed
I-cycle on S. Then there exists a C°° 1-form 0, such that

(1) dny =0

(2) fvﬁ = [¢B Any for any closed 1-form (3.

(3) [,y =aory for any closed cycle .

is an isomorphism from H3g(S) to R.

References:

A. Hatcher , Algebraic topology, Cambridge University Press, 2002.

J. Jost, Compact Riemann Surfaces, An Introduction to Contemporary Mathematics, Third
Edition, Springer-Verlag Berlin Heidelberg, 2006.

J. Harris and P. Griffiths, Principles of Algebraic Geometry, 1978.
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11. HARMONIC AND HOLOMORPHIC DIFFERENTIAL FORMS ON RIEMANN SURFACES

11.1. Decomposition of 1-forms. Let X be a Riemann surface and let a be a complex C*
1-form defined on an open subset U of X. Let (V,z),V C U be a holomorphic chart. Then
(x,y) := (R(2),(2)) is a real local coordinate. We have

a=fdr+gdy =
1 . . 1 . .
S (f —ig)(dz +idy) + 5 (f +ig)(dz —idy) =
1 1
5(f —ig)dz + §(f+ig)d2
Definition 11.1. For a 1-form a = ¢dz 4 1dz we define
a1-0) =¢dz
a0 =dz.

Lemma 11.2. The forms o9 and a9 do not depend on the choice of the local holomorphic
coordinate z and therefore they are C*° forms defined globally on U.

Definition 11.3. Let z be a holomorphic coordinate on V and f : V — C be a C* function.
Let x = R(z) and y = (). We define

0 1. 0 .0
af = 5(% - Z@)f
0 1. 0 .0
%f 1= 5(% +Z@)f

Lemma 11.4. The operators %, % : C°(V) — C*°(V) do not depend on the choice of the
local holomorphic coordinate z and therefore they are defined globally on C*(X).

11.2. Harmonic and holomorphic 1-forms.
Definition 11.5. A differential 1-form w on a Riemann surface X is called holomorphic if in
any local chart it is represented as

w=h(z)dz
where h(z) is holomorphic. The differential 1-form @ = h(z) dz is called anti-holomorphic.
Definition 11.6. The conjugation operator * : Q'(X) — Q1(X) is defined as

w = —iwH 4 O

fdz + gdz — —ifdz + igdz.

Exercise 23.

fok = —1.
Definition 11.7. Consider the operator
A0 — 0?2
f— —dxdf.

Definition 11.8. A 1-form « is called co-closed if d*a = 0. A 1-form « is called co-exact if
a = d * 7 for some 1-form 7.

Definition 11.9. A function f on a Riemann surface is called harmonic if Af = 0.

Definition 11.10. A 1-form « is said to be harmonic if it is locally of the form o = df with f
a harmonic function.
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Exercise 24. A 1-form 7 is harmonic if and only if dy = d*n = 0.

Definition 11.11. A 1-form « is said to be holomorphic if it is locally of the form o = df with
f a holomorphic function.

Exercise 25. a) A 1-form 7 is harmonic if and only if it is of the form 7 = a1 + a3 with a; and
a9 holomorphic.
b) A 1-form « is holomorphic if and only if it is of the form « = 7+ i % with  harmonic.

Theorem 11.12. (“The main theorem for compact Riemann surfaces”) Let X be a compact
connected Riemann surface and let p be a 2-form on X. There is a solution f € Q°(X) to the
equation

Af=p

/,0:0.
X

The solution [ is unique up to an additive constant.

if and only if

Theorem 11.13. Let w be a I-form on a compact connected Riemann surface X. Then there
exist f,g € Q°(X) end a harmonic 1-form n such that

w=df + xdg +n.

Theorem 11.14. For every closed 1-form o there ewists a unique harmonic form o' such that

/a:!a,

Theorem 11.15. Let X be a compact Riemann surface of genus g. Then Hle is isomorphic to
the space of harmonic 1-forms on X. Moreover, it is a C-vector space of dimension 2g.

for all closed cycles .
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12. PERIODS OF HOLOMORPHIC DIFFERENTIALS. JACOBIAN

Recall, that a differential 1-form w on a Riemann surface X is holomorphic if and only if in
any local chart it is represented as

w = h(z)dz

where h(z) is holomorphic function. The 1-form @ is a called anti-holomorphic. Holomorphic
differentials form a complex vector space. We will denote this space by Qf ;(X).

Theorem 12.1. Let X be a compact Riemann surface of genus g. Then

dim Qlllol(X) =9

Examples

e Let X = C/A be a torus. Then w = dz is a holomorphic differential on X.
e Let g > 0 be an integer. Set N =2g+ 2 or N =2¢g + 1. Let C be a hyperelliptic affine
curve given by the equation

N
y2 = H(.CE - xi)?
=1

where z;,i = 1,...,n are distinct complex number. The curve C' is isomorphic to a
compact Riemann surface of genus g with 1 or 2 punctures, depending on the parity of
N. We denote this compact Riemann surface by X.

Lemma 12.2. The differentials

v dz

w; = i1=1,....g

form a basis of the space of holomorphic differentials on X.

Theorem 12.3. (Riemann bilinear identity) Let X be a compact Riemann surface of genus g
with a canonical homology basis {a;, b;}?_,. Let w,w’ be two closed differentials on X and let

A; ::/ w B; ::/w
a; bz

Al ::/ W' B, ::/w’
a; bi

be their periods. Then

g

/ wAwW = Z(AZBQ — A;BZ)
X

i=1

Lemma 12.4. Let w be a non-zero holomorphic differential on X. Then periods {A;, Bj}gzo of

w with respect to a canonical homology basis {a;,b;}7_, satisfy

g
Im() A, B;) <0.
j=0

Corollary 12.5. If all periods of a holomorphic differential w are real, then w = 0.

Definition 12.6. Let {a;, b;}7_; be a canonical basis of H;(X,Z). The unique basis {wy}]_, of
Qf ;(X) that satisfies

/ Wi = 270,
o

J
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is called the dual canonical basis.

Definition 12.7. Let {a;,b;}?_; be a canonical homology basis of a compact Riemann surface
X and {wy,}{_, be the dual canonical basis of Qf ,(X). The matrix

1

P=ABjt}jpm1r Bir =5 A

is called the period matriz of X.
Theorem 12.8. The period matriz P is symmetric and its imaginary part is positive definite.

Exercise 26. Let P and P be period matrices of the Riemann surface X associated to homology

basises (a,b) and (a,b). Furthermore, let <é g) € Sp,(Z) such that <%> = <é g) (Z)
(see Exercise 20). Show that P = (DP + C)(BP + A)~L.
Definition 12.9. The lattice
A = {2mim + 2miPR | m, it € 29}
is called the period lattice of X.

Definition 12.10. The complex torus
Jac(X) :=CI9/A
is called the Jacobian of X.
Definition 12.11. The Abel map A : X — Jac(X) is defined by

P
P A(P) = / 3
Py
where & = (wy, ... ,wg)t is the vector composed by the dual canonical basis and Py € X is an

arbitrarily chosen base point.
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13. DIVISOR GROUP. ABEL MAP AND ABEL THEOREM
13.1. Meromorphic differentials.

Definition 13.1. A differential 2 is called meromorphic if in any local chart z : U — C it is of
the form Q = g(z)dz, where g is a meromorphic function.

Let z be a local parameter at the point P, z(P) = 0 and

0= Z gr 2% dz  for some N(P) € Z,
k=N(P)

the representation of the differential 2 at P. The numbers N(P) and g_; do not depend on the
choise of the local parameter and are characteristics of €2 only.

Definition 13.2. The number N (P) is called the order of 2 at the point P. The coefficient g_
is called the residue of Q2 at P.

We have

1
resPQ:g_lzm/Q
v

where 7 is a small closed loop going around P in the positive direction (counterclockwise).

Lemma 13.3. Let Q) be a meromorphic differential on a compact Riemann surface X. Then

Z resp(2) = 0.

PeX
13.2. Divisors.

Definition 13.4. A formal linear combination

N
D=) n;P;, n;€L PjeX
j=1

is called a divisor on the Riemann surface X. The sum

N
degD = Z n;
j=1

is called the degree of D. The set of all divisors forms the abelian group Div(X).

Definition 13.5. Let f be a meromorphic function on X. Suppose that the zeroes of f are
Py, ..., Py with multiplicities mq, ..., mys and the poles of f are ()1, ..., Qx with multiplicities

ni,...,ny. The divisor
is called the divisor of f.

We denote
m if P is a zero of order m
ordp(f) = { -m if P is a pole of order m
0 otherwise.
We have

(f)=">_ ordp(f)P.
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Definition 13.6. A divisor D is called principal if there exists a meromorphic function f with

(f) =D.
Definition 13.7. Two divisors D and D’ are called linearly equivalent if D — D' is principal.

Definition 13.8. The divisor of a meromorphic differential €2 is

(@) =) NP)P

pPeX
where N (P) is the order of 2 at the point P.

Since the quotient of two meromorphic differentials /€5 is a meromorphic function, any
two divisors of meromorphic differentials are linearly dependent.

Definition 13.9. The corresponding divisor class is called canonical. We will denote it by C.
Definition 13.10. A divisor D = ) n;FP; is called positive (or effective) if all n; > 0.
Exercise 27. Let f be a meromorphic function on X. Show that deg(f) = 0.

13.3. Abel theorem. The Abel map is defined for divisors in a natural way

P;
i Po
If a divisor D is of degree 0, then A(D) is independent of the base point Fj.

Theorem 13.11. (Abel) The divisor D € Div(X) is principal if and only if the following
conditions hold:

(1) degD =0
(2) A(D) =0.
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14. PROOF OF ABEL THEOREM

Lemma 14.1. Let X be a compact connected Riemann surface and let P,Q € X be two distinct
points. Then there exists a meromorphic 1-form Q such that

(1) the only poles of Q are at the points P and @ and ordp(Q2) = ordg(Q2) = —1;
(2) resp(2) = —resg(Q2) = 1.

Proof. Let zp is a local coordinate at P with zp(P) = 0 and zg is a local coordinate at ) with
20(Q) = 0. Fix a positive number € small enough. Set

Up :={z | zp(z) < 2¢}

Up :={z | zp(x) < €}

Ug ={z | 2q(x) < 2€}

Ug :={z | 29(z) < €}.

We choose € so that Up N Ug, = 0. There exists a C*°-function I : X \ {P,Q} — C/27Z such
that

log zp(x) ,x € Up
F(z) = ¢ —logzg(z) ,zeUg )
0 ;o€ X\ (Upulp)

Consider a 1-form « := dF'. Note, that a is a C* 1-form on X \ {P, Q}. We observe that da =0
and d * a is a C*° 2-form on X. Indeed, d * a is C*°-smooth on X \ {Up,Ug}. Moreover, on

Up\{P}

a:dZ—P and d*azd(iClZID):O.
Zp zZp

Analogously, d * « also vanishes on Ug \ {Q}. We have
/ d+a = / d+a = / *Q
X X\(UpUUq) A(X\(UpUUQ))

d d
/ _m__i/ ZPH/ 22Q _y,
AUp+dUg oUp ZP g *Q

Therefore, by the “Main theorem of compact Riemann surfaces” there exists g € C°°(X) such
that

(5) d+xdg=dx*«
Set w := a — dg. We have
dw = da —ddg =0
and by (5)
dxw=dxa—d=xdg=0.
Therefore, w is a harmonic 1-form on X{P,Q}. Set Q = w0 By Exercise 25 form  is a
holomorphic 1-form on X \ {P,Q}. Moreover, {2 — ‘iﬁz—; is holomorphic in a neighborhood of P

and ) + ‘%Q is holomorphic in a neighborhood of @. This finishes the proof. O

Lemma 14.2. Let X be a compact connected Riemann surface, P € X a point and zp a local
parameter around P with zp(P) =0, and n € Z>3. Then there exists a meromorphic 1-form §2
such that

(1) the only pole of Q2 is at the point P ;
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(2) ordp(2) = —n;
(3) Q= (% + O(1))dzp around P.
These lemmas have a number of important corollaries.

Corollary 14.3. Let X be a compact connected Riemann surface. Then there exists a non-
constant meromorphic function f : X — CP".

Corollary 14.4. Let X be a compact connected Riemann surface of genus 0. Then X is iso-
morphic to CP*.

Definition 14.5. Let P, € X be two distinct points on a compact connected Riemann surface
X of genus g. Suppose that (aj,bj)?zl is a collection of closed cycles on X{P,Q} forming a
canonical basis of H;(X). We denote by Qp ¢ the unique meromorphic 1-form such that:

(1) () =P -0Q;
(2) resp(2) = —resg(2) = 1;
(3) fanRQ:Oforj:l,...,g.

Exercise 28. Prove that such a meromorphic 1-form exists and is unique.

Lemma 14.6. Let Qpg be as above. Then

Q .
/QRQ:/ wj, ij=1,...g.
b; P

J

Proof of Abel theorem.
First we show that if a divisor D satisfies deg(D) = 0 and A(D) = 0 then D is principal.
Suppose that a divisor D satisfies conditions (1) and (2) of Theorem 13.11. Since D has degree

0 we can write
N N
-y r-30
i=1 i=1

for some points P, ..., Py, Q1,...Qnx on X such that P; # ;. Define

N
Q:=> Qpo,.
=1

/Q: ) ji=1...9
a

J

This meromorphic 1-form satisfies

and
resg{) = ordg(D) for all R € X.

N Qi
/Q:Z/ wj, j=1...,9.
b; i=1 P;

This identities can be written in the vector form as

N Qi
/EQ:;/P,- w,

By Lemma 14.6 we have
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where

b1 w1
b= ( : ) € H(X)! and &= ( : ) el (X)9.
by Wg

By the assumption of the theorem the sum Zf\; S Pii @ belongs to the period lattice 2mwiZ9 +
2mi’PZ9. Suppose that

/Q = 2mim + 2miPn for m,n € Z9.

:
/m% /k1w1+ A kgwy) =

For k € 79 we have

g g
= 2mi <Z kiBjZ) = 2miP k.
=1 j=1
We set
Q=0-a" 7.
Then
(6) / Q = 2minm + 21 PR — 21 PR = 2

(7) / / — 0 — it = —2miii,

Also for each point R € X we have
(8) resg(Q) = ordp(D) € Z.
We define the function f : X \ supp(D) — C/2miZ
~ P ~
- &
Py
The equations (6)—(8) imply that function f is well defined. Set
g :=exp(f).
Now an easy computation shows that g is a meromorphic function and

=) ordg(D) =

ReX

Hence divisor D is principal.

Next we show that any principal divisor D satisfies conditions (1) and (2) of Theorem 13.11.
Let g be a meromorphic function on X and D = (g). Exercise 27 implies that deg(D) = 0. Now
it suffices to prove that A(D) = 0. Set

o =% — d(og(9)).

Note that « is a meromorphic differential form on X while log(g) is defined only locally on
X \ supp(D). Moreover, for each P € supp(D) we have

ordp(a) = —1 and resp(a) = ordp(g).
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We have

0= / a A wj.
X\supp(D)

Let II be a simply connected polygonal model of X. We suppose that {a;, b; }?:1 are the sides
of II. Fix Py € II \ supp(D). Set
P
F;(P) := / wj.

Py
Note that F; is well defined on II (not on X') and w; = dF;. We have
9) O:/ wj/\a:/ Fja
IT\supp(D) O(IM\supp(D))
We can write
(10) / Fja = / Fjo—2mi Z resp(Fjo)
O(I\supp(D)) on Pesupp(D)
Note that

g
Fia = (/w'/a—/a/w-)
OHJ ; aijbi a; bij

g
:2m'/ aQTriZBZ-j/ a.
b]' i=1 a;

Since a = d(log(g)), all periods of « (integrals over closed cycles in X \ supp(D)) are in 2miZ.

Suppose that
/a = 2mim and /a = 2min
a b

for some m, 7 € Z9. Then we have

g
(11) </ Fja> = —47%(m — Pi) € 2miA.
oIl j=1
Here A benotes the period matrix of X. On the other hand, since F} is holomorphic at each
P € supp(D) and « has a pole of order 1 and residue ordp(g), we arrive at

P
resp(Fjo) = Fj(P)ordp(g) = ordp(g)/ wj.
Po
Combining these identities for all j =1,...,g9 and P € supp(D) we obtain

g
P

(12) Z resp(Fjo) = Z ordp(g)/ & = A(D) mod A.
Pesupp(D) j=1 Pesupp(D) Po
Now the identities (9)—(12) imply that
A(D) = 0.

This finishes the proof. [
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15. RIEMANN-ROCH THEOREM

Definition 15.1. Let D be a divisor on X. We consider the vector spaces
L(D) = {f meromorpic functions on X | (f) > D or f =0}

and
H(D) = {Q meromorpic differentials on X | (2) > D or = 0}.
Set
(D) :=dimcL(D) and (D) := dimcH(D).
Remarks

(1) Dy > Dy implies £L(D1) C L(D2) and ¢(D1) < £(D3).

(2) £(0) = { constants } and ¢(0) = 1.

(3) deg(D) > 0. D # 0 implies ¢(D) = 0.

(4) H(0) = { space of holomorphic differentials } and i(0) = g.

Lemma 15.2. (D) and i(D) depend only on the divisor class of D and i(D) = (D — C') where
C is the canonical divisor class.

Theorem 15.3. (Riemann-Roch) Let X be a compact Riemann surface of genus g and D be a

dwwisor on X. Then
{(—D) =deg(D) —g+1+i(D).

Corollary 15.4. Let X be a compact Riemann surface of genus 0. Then X is conformally
equivalent to the complex projective line PCL.

Corollary 15.5. Let X be a compact Riemann surface of genus g > 1. Then there is no z € X
at which all holomorphic 1-forms vanish.
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